We study the pseudoriemannian geometry of almost parahermitian manifolds, obtaining a formula for the Ricci tensor of the Levi-Civita connection. The formula uses the intrinsic torsion of an underlying SL(n, R)-structure; we express it in terms of exterior derivatives of some appropriately defined differential forms.
Introduction
Paracomplex geometry was introduced by Libermann [23] ; in analogy with complex geometry, it is defined by a tensor K with K 2 = Id, whose eigenspaces are integrable distributions of dimension n. The local geometry is that of a product, but things become more complicated if a metric enters the picture. The natural compatibility condition to impose is that K be an anti-isometry, so that F = g(K·, ·) defines a two-form; if this form is closed, the metric is said to be parakähler. Such a metric is necessarily of neutral signature; its holonomy is contained in GL(n, R), endowed with its standard action on R n ⊕ (R n ) * . Parakähler manifolds carry a natural bilagrangian structure; as such, they form a natural object of study in symplectic geometry (see [15, 20] ); they also provide a natural setting for the study of the mean curvature flow, which is proved to preserve Lagrangian submanifolds in [9] , under some assumptions on the curvature. Parakähler geometry also finds applications in physics ( [12] ) and in the study of optimal transport ( [22] ). We refer to [14] for a survey; a more recent reference is [2] .
Like in Kähler geometry, the Ricci tensor of a parakähler manifold is given by − Outside the parakähler setting, one significant intrinsic torsion class consists of nearly parakähler structures, characterized by the fact that ∇K is skewsymmetric in the first two indices. In our language, this means that the GL(n, R) intrinsic torsion is contained in W 1 ⊕ W 5 at each point; we say that its intrinsic torsion class is W 1 + W 5 . Examples of Einstein and Ricci-flat nearly parakähler metrics are constructed in [21] , [13] and [27] . In fact, it follows easily from our formula (see Corollary 16 ) that nearly parakähler manifolds of dimension six are automatically Einstein, as originally proved in [21] .
As a more restrictive condition, we study the intrinsic torsion class W 1 ; we show that this is Ricci-flat in all dimensions. Considering left-invariant structures on nilpotent Lie groups, we obtain several explicit examples in dimension eight (Theorem 32). These structures are automatically nearly parakähler and Ricci-flat; they are also non-flat, and the underlying manifold is compact. We note that the previously known examples of Ricci-flat nearly parakähler manifolds were either non-compact ( [27] ) or flat ( [13] ).
The intrinsic torsion class W 2 is also Ricci-flat. This leads to a counterexample of the paracomplex version of the Goldberg conjecture as stated in [25] , asserting that a compact, Einstein almost parakähler manifold is necessarily parakähler (Proposition 27) . Notice that the Kähler version of the conjecture is known to hold for non-negative scalar curvature ( [29] ); our example is Ricci-flat, showing that the paracomplex situation is different.
The intrinsic torsion class W 3 is not Ricci-flat, but we are able to construct a compact Ricci-flat example on a nilmanifold. However, the class W 4 is different: a nilpotent Lie group with an invariant structure with intrinsic torsion in W 4 + W 8 is necessarily parakähler (Proposition 35).
Observing that changing the sign of K has the effect of swapping W i with W i+4 , this concludes the analysis of "pure" intrinsic torsion classes. By taking products, it follows that all intrinsic torsion classes that do not contain W 4 or W 8 can be realized as the intrinsic torsion class of a nilmanifold with a non-flat, Ricci-flat metric (Proposition 40).
The structure group GL(n, R)
An almost paracomplex structure on a manifold of dimension 2n is a decomposition of the tangent space in two subbundles of rank n. The tangent space is then modeled on a direct sum
where V and H are real vector spaces of dimension n; explicitly, we shall fix a basis e 1 , . . . , e 2n of T with V = Span {e 1 , . . . , e n } , H = Span {e n+1 , . . . , e 2n } , and denote by e 1 , . . . , e 2n the dual basis of T * . In these terms, we can think of an almost paracomplex structure as a GL(V ) × GL(H)-structure. In analogy with complex geometry, one considers an endomorphism of T with K 2 = Id, namely K = Id V − Id H = e i ⊗ e i − e n+j ⊗ e n+j ;
here and in the sequel, summation over repeated indices is implied; we adopt the convention that lower case indices range from 1 to n, and upper case indices range from 1 to 2n. It is clear that a manifold of dimension 2n admits an almost paracomplex structure if and only if it admits a distribution of rank n; for example, S 2n does not have an almost paracomplex structure [30, Theorem 27.18] . Thus, the longstanding problem of whether the six-dimensional sphere admits an integrable complex structure has a trivial answer in the paracomplex setting.
Like in almost complex geometry, differential forms on an almost paracomplex structure can be decomposed according to type via
in the literature, one also finds the notations T M = T + M ⊕ T − M and Λ p,q
± . An almost paracomplex structure is said to be paracomplex or integrable if the two rank n distributions are integrable. By the Frobenius Theorem, this is equivalent to requiring that the exterior derivative have the form
or to the vanishing of the Nijenhuis tensor
In the language of G-structures, integrability can be expressed in terms of intrinsic torsion. Recall that the intrinsic torsion of a G-structure takes values in the cokernel of the linear map ∂ G , defined as the restriction to T * ⊗ g of the alternating map
more precisely, the intrinsic torsion is obtained by projecting on this space the torsion of any connection on the G-structure.
If ∂ G has a left inverse s, any G-structure has a unique minimal connection, namely one with torsion in ker s. In the present case, the alternating map is not injective, but we still have the following: Proposition 1. Every GL(V ) × GL(H)-structure admits a connection with torsion taking values in
the torsion Θ of any such connection is related to the Nijenhuis tensor via
Proof. The representation Λ 2 T * ⊗ T splits as
and
where the first component represents the kernel of the alternating map. It follows that the restriction of ∂ to the second component has a left inverse s with kernel (2). Therefore, if ω is any connection on the GL(V ) × GL(H)-structure with torsion Θ, the connection
, and using the fact that V and H are preserved by the connection ω, we obtain the required relation.
Remark 1. In terms of an adapted coframe e 1 , . . . , e 2n , the torsion of a connection such as in Proposition 1 may be written as
Given an almost paracomplex structure, a pseudoriemannian metric g is called almost parahermitian if
Such a metric is necessarily of neutral signature (n, n); relative to (1), it determines an isomorphism V ∼ = H * . Accordingly, the structure group is reduced to GL(n, R), and the tangent space is modeled on the representation
Alternatively, we may think of an almost parahermitian structure as determined by a non-degenerate two-form F of type (1, 1); form and metric are related via
In this context, the basis of T can always be chosen so that
, where e i ⊙ e n+i stands for e i ⊗ e n+i + e n+i ⊗ e i and e i,n+i for e i ∧ e n+i ; using the metric g, we will use the identification
Due to the existence of the volume form F n , almost parahermitian manifolds are orientable.
Whilst a paracomplex manifold is always locally a product M × N , one should not think of parahermitian geometry as a fancy way to describe Cartesian products. At the topological level, this can be seen from the following: Proposition 2. Let M and N be manifolds of dimension n, and assume that T M is not trivial. Then the product paracomplex structure on M × N does not admit a compatible parahermitian structure.
denote the projections. The K-eigenspaces for the product paracomplex structure on M × N are π * 1 T M and π * 2 T N . If a compatible parahermitian structure exists, the vector bundles π *
* are isomorphic. Therefore, their restrictions to a submanifold M × {y} are also isomorphic. However, the restriction of π * 1 T M is equivalent to T M , and the restriction of (π * 2 T N ) * is trivial, which is absurd.
At a point, we can think of the structure group GL(n, R) as the stabilizer of F in SO(n, n). At the Lie algebra level, this amounts to setting B and C to zero in
Having a metric at our disposal, we can write orthogonal decompositions such as
It will be convenient to fix the isomorphism
Explicitly,
Lemma 3. Through the identification (3), the Lie bracket on so(n, n) satisfies
Proof. Follows from [e ij , e n+k,n+l ] = −δ il e j,n+k + δ jl e i,n+k + δ ik e j,n+l − δ jk e i,n+l .
An almost parahermitian structure is called parakähler if one (hence both) of K and F is parallel under the Levi-Civita connection. More generally, ∇F can be identified with the intrinsic torsion of a GL(n, R)-structure; the latter is known to decompose into eight components [17] .
All finite-dimensional irreducible representations of GL(n, R) appear inside some V
(see e.g. [16] ). Relative to the Cartan subalgebra of diagonal matrices, let L i denote the weight that maps diag(a 1 , . . . , a n ) to a i . For any k + h ≤ n and integers
..,λ k the representation with highest weight
These representations are also irreducible under SL(n, R), but notice that under SL(n, R) the numbers λ 1 , . . . , λ n are not determined uniquely by the representation.
With this notation, V = V 1 and V * = V 1 . More generally,
We shall say that a representation has type (k, h) if it is the sum of irreducible representations of the form V λn,...,λ n−h λ1,...,λ k . In terms of Young diagrams, this says that the rows from k + 1 to n − h − 1 have the same length. It is clear that V We can think of a representation of type (r, s) as a representation of GL(n, R) for any choice of n > r + s. The decomposition into irreducible components is then independent of n. For instance, for s ≥ r we have
this also holds for r + s = n. Equivalently, we can write
In terms of an appropriate map Λ : Λ r,s → Λ r−1,s−1 , we have
As a consequence of the Littlewood-Richardson rule, one obtains:
The intrinsic torsion of a GL(n, R)-structures lies in
where
To compare with Proposition 1, observe that the GL(V ) × GL(H)-intrinsic torsion corresponds to W 1 + W 2 + W 5 + W 6 ; however, this space only splits in two irreducible components under the enlarged structure group.
SL(n, R)-structures
In this section we turn to the structure group SL(n, R). The invariant elements of Λ * T under the action SL(n, R) are generated by
..,n , β = e n+1,...,2n ;
conversely, SL(n, R) is the largest group that fixes this subalgebra. Given a GL(n, R)-structure, a reduction to SL(n, R) is determined by a global, nowhere-vanishing form of type (n, 0). Clearly, a GL(n, R)-structure admits a reduction to SL(n, R) if and only if it admits a reduction to GL + (n, R), i.e. the two rank n distributions are orientable.
Example 5. Consider the standard parahermitian structure on R 4 = R 2 × R 2 . This structure is preserved by the group Γ generated by the diffeomorphism (x, y, z, t) → (x + 1, −y, z, −t).
Hence the quotient R 4 /Γ has an induced parahermitian structure. In this case, the rank two subbundles are not orientable, and there is no global reduction to SL(n, R).
Remark 2. Given an almost parahermitian structure on M , namely a GL(n, R)-structure P , it is always possible to find a 2 : 1 cover of M which admits a reduction to SL(n, R). Indeed, the quotient P/GL + (n, R) is a 2 : 1 cover of M which admits a tautological GL + (n, R)-structure.
The intrinsic torsion of a SL(n, R)-structure takes values in the cokernel of the alternating map
since ∂ O(n,n) is an isomorphism, we can identify this space with T * ⊗ sl(n, R) ⊥ .
Proposition 6. The intrinsic torsion of an SL(n, R)-structure lies in
The Levi-Civita connection can always be written in the form
with τ ∈ T * ⊗ gl(n, R) ⊥ , ω is an almost-parahermitian connection and
where λ is a one-form. For future reference, we note that given a form σ,
Thus, ω is the connection obtained from the Levi-Civita connection by projection on sl(n, R); we shall refer to it as the minimal connection, and denote by ∇, D the corresponding covariant derivative and exterior covariant derivative. By construction, the torsion of ω is Θ = −∂(τ +λ). The component τ can be decomposed as the sum of
with each τ i corresponding to a section of the bundle associated to W i . Relative to the action of R * ⊂ GL(n, R), we can decompose τ into four components with weights −3, 1, 3, −1, namely
Here, summation over all i, j, k is implied, and we assume that a ijk = −a ikj . The components W 4 , W 8 , W 1,0 and W 0,1 can be encoded in three one-forms
characterized by
A useful symmetry arises as follows. Given an SL(n, R)-structure P , one can consider the SL(n, R)-structure P σ, where σ = ( 0 I I 0 ) ; this amounts to interchanging V and H. An adapted coframe e 1 , . . . , e 2n for P determines an adapted coframe
relative to which the intrinsic torsion has the form
the minus sign originates from the action of σ on I 0 0 −I . There are constraints on τ coming from the first Bianchi identity. Indeed, recall that given a tensorial k-form η, one has
where Θ is the torsion and a(∇η) = ∇η,
Define the equivariant maps
Proposition 7. The intrinsic torsion of an SL(n, R)-structure satisfies
Proof. As a first step, we prove that p and q kill Ω ∧ θ. Decomposing Λ 3 T * under GL(n, R), one readily sees that p and q are only non-trivial on
By linearity, we can assume that Ω 1,1 has the form e i,n+j ⊗(e k ⊗e h −e n+h ⊗e n+k ); using (5), we obtain
The Bianchi identity now implies
and the same holds for q.
From λ∧λ = 0, we obtain ∂(λ) ∂(λ) = 0; the component ∂(λ) ∂(τ ) gives no contribution because of Schur's lemma and (7). Similarly, ∇(∂(τ 1 +τ 2 +τ 5 +τ 6 )) is in the kernel of p and q because it has no component in
hence, using (5) again,
a similar calculation shows that q(a(∇∂λ) = 0. Writing
and symmetrically ∂(τ 7 + τ 8 ) ∂(τ 3 + τ 4 ) = −4d ijk c hkm e n+i,j,h ⊗ e m , we find that
is zero, and the same for q. Explicit computations shows that p and
Finally, observe that ∇∂τ i lies in a module isomorphic to T * ⊗W i which only contains a component isomorphic to V Remark 3. The component τ of the intrinsic torsion depends only on the GL(n, R)-structure; the component λ only depends on the SL(n, R) × SL(n, R)-structure. The components τ 1 , τ 2 , τ 5 , τ 6 depend on the paracomplex structure (see Proposition 1); more precisely, they are determined by
Ricci curvature
In this section we give a formula for the Ricci tensor of an SL(n, R)-structure, expressed in terms of its intrinsic torsion. Even though the structure group is SL(n, R), all relevant representations have a natural action of GL(n, R), and the maps we consider in this section are GL(n, R)-invariant; accordingly, we will regard two representations as isomorphic if they are under this larger group. The basic idea is that, relative to the decomposition
the relevant part of the curvature of the Levi-Civita connection is determined by the last two components, which only depend on the intrinsic torsion. Indeed, writing the Levi-Civita connection form as in (6), its curvature decomposes as
where we have used Lemma 3. Here D denotes the exterior covariant derivative of the minimal connection, and F (τ, τ ) denotes a 2-form obtained by contracting τ with itself using F . More precisely, let ·, · denote the natural pairing between V and V * , and consider the skew bilinear form on
and zero otherwise, and define
Thus, for fixed i, h, j = k, F (e i ⊗ e jk , e n+h ⊗ e n+j,n+k ) = e i ∧ e n+h .
We shall also consider the 2-form F (τ, τ ) defined by
We shall decompose the Ricci tensor of the Levi-Civita connection as
Here, V * ⊗ V represents a subspace of S 2 T * , i.e. e i ⊗ e n+j stands for e i ⊙ e n+j . We will also identify this space with Λ 1,1 through
As a first approximation, the V * ⊗ V part of the Ricci can be described as follows.
Lemma 8. The Ricci tensor of an SL(n, R)-structure satisfies
Proof. The Riemann tensor takes values in the kernel R of the skewing map
As a GL(n, R)-module, S 2 (Λ 2 T * ) decomposes as 
Similarly, the components isomorphic to R in S 2 (Λ 2 T * ) are generated by
The vectors w 1 + 2w 2 , w 2 + w 3 generate the two copies of R in R. By equivariance, and neglecting components not isomorphic to V 1 1 and R, which do not contribute to Ric ′ , we may assume that the Riemann tensor has the form
The Ricci contraction of the fixed generators is given by
with our choice of R, the Ricci tensor is
Consider the projections
Since both the image of π gl ⊥ and the image of π R contain V 1 1 ⊕ R, it is possible to recover Ric ′ by only considering these projections. Explicitly, we have
Then
Thus (14) gives
It is now straightforward to verify that the linear combination
is consistent with (13); the statement follows observing that for any two-form η, through the identification (12),
It turns out that the explicit dependence on the minimal connection (i.e. the term Dτ ) can be partly eliminated from the formula: Theorem 9. The Ricci tensor of an SL(n, R)-structure satisfies
Proof. As [λ, τ i ] depends equivariantly on an element of T * ⊗ W i , by equivariance, the only contribution of [λ, τ ] to Ric ′ comes from [λ,
By (11),
and the same holds for τ 5 + τ 6 ; by equivariance,
Since the Ricci tensor is symmetric, we can identify Ric ′ with its projection on V * ⊗ V ; using Lemma 8,
Recalling that the contraction of ∂(τ 7 +τ 8 ) into τ 3 +τ 4 is zero and (7), we obtain
Therefore,
Writing τ 4 as in (10),
In order to rewrite the term containing the covariant derivative of τ 4 , we may assume ∇τ 4 = a ij e j ⊗ (e k ⊗ e ki ); this implies
On the other hand we have
In particular
Decomposing τ as in (8), we find
By contrast,
Summing up,
from which we obtain the statement.
As an SL(n, R)-module, V * ⊗V splits as the sum V 
Corollary 10. The scalar curvature of an SL(n, R)-structure is given by
Proof. By construction, s = Λ Ric ′ ; in addition, the components which do not contain a copy of R give no contribution to the scalar curvature by equivariance. This gives
A direct computation gives
proving the statement.
Remark 4. On a metric of neutral signature, the notion of "positive" scalar curvature is not meaningful: the pseudoriemannian metrics g and −g have the same Ricci tensor, but opposite scalar curvature. In our setup, this means that if we keep the splitting V ⊕ V * but flip the sign of F , considering the SL(n, R)-structure determined by the adapted coframe −e 1 , . . . , −e n , e n+1 , . . . , e 2n , then the τ and the λ stay the same, but s changes its sign.
The remaining part of the Ricci is given as follows. Denote by ǫ the symmetrization map
Theorem 11. The Ric ′′ component of the Ricci tensor of an SL(n, R)-structure satisfies
Proof. In the case we consider the action of GL(n, R); two representations are isomorphic if they are under SL(n, R) and they have the same weight under R * . The space Λ 2 T * ⊗ Λ 2 T * contains two copies of S 2 V , contained in sl(n, R) ⊗ sl(n, R) ⊥ and sl(n, R) ⊥ ⊗ sl(n, R) respectively. Since the Riemann tensor is symmetric, this means that the S 2 V part of the Ricci is entirely determined by its component in sl(n, R) ⊗ sl(n, R)
The only W i ⊗ W j that contain a copy of S 2 V are
Moreover, the two copies of
On the other hand (15) gives
writing a ij e n+i ⊗ e n+j for the V ⊗ V component of ∇f 4 , we obtain Ric(a∇τ 4 ) = (n − 1)a ij e n+i ⊗ e n+j .
Moreover
giving the first formula in the statement. The second formula is obtained applying the symmetry σ that interchanges V and H.
Forms
In this section we find formulae that express the intrinsic torsion and the Ricci curvature in terms of exterior derivatives, rather than exterior covariant derivatives. In particular we relate the intrinsic torsion to the exterior derivatives of the forms
Proposition 12. The intrinsic torsion of an SL(n, R)-structure determines dF , dα and dβ via
Conversely,
, e jk ∧ (e n+i β) e n+i ⊗ e n+j,n+k ,
Proof. The usual formula (11) gives
However, −∂(τ 3 ) α is zero because it lies in Λ n,1 ∼ = V but W 3 is not isomorphic to V ; in addition:
where we have used (9) . Similarly,
For F we compute
where we have used that ∂(τ 2 + τ 6 ) F is zero because W 2 and W 6 are not isomorphic to any subspace of
. By projecting this last formula on the different types of (p, q)-forms we get the statement.
We now prove the inverse formulae. From the last equation, we immediately get
and the equations for λ 1,0 and λ 0,1 are obvious. If we set τ 1 = e i ⊗ e jk + e j ⊗ e ki + e k ⊗ e ij ; then
ijk and it follows that 1 6 e h ⊗ e h (dF ) 3,0 = τ 1 .
Setting τ 3 + τ 4 = e i ⊗ e n+j,n+k we obtain
Finally if τ 2 = a ijk e i ⊗ e jk , for a fixed tensor e n+h,n+l ⊗ e m we have −∂(τ 2 ) β, e n+h,n+l ⊗ e m α = −a ijk e ij ⊗ e n+k β + a ijk e ik ⊗ e n+j β, e n+h,n+l ⊗ e m α = −2a hlm + 2a lhm = 2a mhl , since a ijk + a jki + a kij = 0 and a ijk = −a ikj . Thus,
The remaining equations are proved in the same way.
We can relate each component of the intrinsic torsion as we have done for λ, related to the 1-form λ, and τ 4 , τ 8 (see (9)). Indeed, the component τ 1 = a ijk (e i ⊗ e jk + e j ⊗ e ki + e k ⊗ e ij ) can be associated to the (3, 0)-form a ijk e ijk , and analogously for τ 5 ; we set
Finally, if τ 2 = a ijk e i ⊗ e n+j,n+k , we set
and if τ 6 = b ijk e n+i ⊗ e jk we set f 6 = b ijk (e jk α) ∧ e n+i ∈ Λ n−2,1 . We use the following convention: for any p-form σ, p ≥ 2 and any bi-vector e jk the (p − 2)-form e jk σ is defined by (e jk σ)(X 1 , . . . , X p−2 ) = σ(e j , e k , X 1 , . . . , X p−2 ); equivalently, e jk σ = e k (e j σ).
We can then restate the equations of the Ricci curvature by expressing the ∇τ i in terms of the exterior derivative of the forms f i . To this purpose, we identify V ⊗ V with Λ n−1,1 through
enabling us to identify a subspace of Λ n−1,1 isomorphic to S 2 V . Similarly, to obtain a subspace isomorphic to S 2 V * we identify V * ⊗ V * with Λ 1,n−1 via the isomorphism v ⊗ w → (v β) ∧ w.
Lemma 13. The following equations hold for f 2 and f 6 :
and the following identities hold for f 4 and f 8 :
Proof. We prove the first equation. As usual, we start from the following:
If ∇τ 6 = a ijkh e i ⊗ e n+j ⊗ e kh + b ijkh e n+i ⊗ e n+j ⊗ e kh , then ∇f 6 = a ijkh e i ⊗ (e kh α) ∧ e n+j + b ijkh e n+i ⊗ (e kh α) ∧ e n+j .
We are interested in the (n − 1, 1)-component of df 6 , and more precisely in the S 2 (V ) part. We get:
where we have used the identification (16) . On the other hand, we have:
Ric(a(∇τ 6 )) = Ric(a ijkh e i,n+j ⊗ (e n+k ⊗ e h − e n+h ⊗ e k )) = 2a ijki e n+j ⊗ e n+k .
Writing τ 6 = b ijk e n+i ⊗ e jk and τ 7 + τ 8 = d ijk e n+i ⊗ e jk , we compute
Moreover,
and the S 2 (V ) component is 2b khj d ijk e n+h ⊙ e n+i . Finally, note that
which concludes the proof of the first equation. The second one is proved in a similar way.
As usual, d(f 4 α) = a(∇(f 4 α)) − ∂(τ +λ) (f 4 α), but we are interested in the (n − 1, 1) part, and more precisely in the S 2 (V ) component. We obtain:
This ends the proof of the equation involving f 4 . A similar argument proves the equation for f 8 .
Lemma 14. The V 1 1 -Ricci part of τ 3 and τ 7 can be related to f 3 and f 7 via the following equations:
Proof. Let h 3 be the equivariant map
and suppose that ∇τ 3 = h 3 (e n,n+1 ); then
Using (11) we have
and an easy computation shows:
.
On the other hand we have:
By the same token, if λ 1,0 ⊗ τ 3 = h 3 (e n,n+1 ), we see that
Summing up, we get
which proves the first of the two equations. By considering the equivariant map
and using a similar procedure, the other equation follows.
Using Lemmas 13 and 14 we are able to restate Theorems 9 and 11, expressing the Ricci curvature of the Levi-Civita connection without using the covariant derivative ∇τ . Note that the projection of Ric(−∂(τ 7 ) τ 5 − ∂(τ 3 ) τ 3 ) on tensors of type (2, 0) is now redundant and we can drop it; the same happens for the S 2 V * component of the Ricci tensor.
Theorem 15. The Ricci tensor of an SL(n, R)-structure satisfies:
Remark 5. In the notation of [20] , a D-valued (n, 0)-form has the form Φ = (ep + eq)(eα + eβ) = e(pα) + e(qβ).
Assume that the structure is paracomplex; then this is holomorphic if and only if it is closed; this is equivalent to
By [20] , in the parakähler case the Ricci form is given by
In our case, |Φ| 2 = pq, hence
This is one component in our expression for the Ricci which corresponds to the curvature of the canonical bundle. In the parakähler case, i.e. τ = 0, the expressions coincide.
As an application, we recover a result of [21] , asserting that six-dimensional nearly parakähler structures are Einstein. Recall that an almost parakähler manifold is called nearly parakähler if ∇K is skew-symmetric in the first two indices; in our language, this means that the intrinsic torsion lies in W 1 + W 5 (see e.g. [17] ). From the paracomplex point of view, this means that under some identification V ∼ = H * , the two components of the Nijenhuis tensor lie in
i.e., the Nijenhuis tensor is totally skew-symmetric; this is the condition that ensures the existence of a connection with skew-symmetric torsion [21] . With this definition, a parakähler manifold is nearly parakähler; we shall say a structure is strictly nearly parakähler if τ 1 = 0 at each point. It was shown in [28] that sixdimensional strictly nearly parakähler structures can be characterized in terms of differential forms and exterior derivatives. In our language, we obtain:
Corollary 16. On a connected six dimensional manifold M , an almost parahermitian structure with τ 1 = 0 is strictly nearly parakähler if and only if it has a reduction to SL(3, R) such that, up to rescaling by a constant, either
The metric is Einstein with s = − 5 18 in the former case, and Ricci-flat in the latter.
Proof. It is clear from Proposition 12 that the two situations correspond to the intrinsic torsion classes
Conversely, if the intrinsic torsion lies in W 1 + W 5 , with τ 1 = 0, necessarily dF has a component of type (3, 0); we can choose the reduction so that it equals α.
for some function k. If k is not zero at some point, we have
This implies that dλ = 0. Therefore, the metric is Einstein with curvature − 5k 18 ; up to rescaling we can assume k ≡ 1.
Otherwise k is identically zero; this implies that
since λ has type (1, 0), this implies that λ = 0. Hence, the metric is Ricciflat.
The six-dimensional case is also special because a nearly parakähler 6-manifold gives rise to a nearly parallel G * 2 -structure on a suitable warped product ( [11] ).
The Bott-Chern class
Whilst the component τ of the intrinsic torsion depends only on the GL(n, R)-structure, the component λ only depends on the SL(n, R) × SL(n, R)-structure. In analogy with the complex case, it is possible to define an invariant that does not depend on a metric, playing the same role as the first Chern class.
Recall that the (para)Bott-Chern class cohomology spaces are defined as
Im dd c :
Proposition 17. Let (M, K) be a paracomplex manifold that admits a reduction to SL(n, R), say (F, α, β). If (F ,α,β) is another reduction to SL(n, R) with α = e n(h+k) α,β = e n(h−k) β, then its intrinsic torsion satisfies
In particular, the Bott-Chern class [dλ] only depends on K.
Proof. Straightforward from Proposition 12: On the other hand, we have the following:
Proposition 19. Let (F, α, β) be a paracomplex SL(n, R)-structure on M . Then M admits a parakähler-Einstein metric with s = 0 compatible with the same paracomplex structure if and only if there exists a function h such that
Proof. Any compatible SL(n, R)-structure has the form (F ,α,β), with α = e n(h+k) α,β = e n(h−k) β.
Since k does not affect the metric, it is no loss of generality to assume k = 0. Then from Proposition 12 we have:
SetF = dλ; then (F ,α,β) defines an SL(n, R)-structure if and only if
If this condition holds, the structure is automatically parakähler and Einstein, becauseF is closed and because of Theorem 9. By the same token, a compatible parakähler-Einstein metric necessarily satisfiesF = dλ.
This condition is the analogue of the Monge-Ampère equation in complex geometry. A striking difference is that the volume form is automatically exact; this means that it makes no sense to assume the manifold is compact. In fact, compact Einstein parakähler manifolds are necessarily Ricci-flat:
A left-invariant parakähler structure on a unimodular Lie group has s = 0.
Proof. By Corollary 10, dλ ∧ F n−1 = 1 n sF n ; this form is exact because F is symplectic. If M is compact, Stokes' theorem gives the statement; the same argument applies to the case of a unimodular Lie group, since there are no exact invariant volume forms.
Remark 6. More generally, this argument applies to balanced almost parakähler structures, i.e. those where F n−1 is closed; then, in the case of an invariant structure on a unimodular Lie group, Λ(dλ) = 0 and τ 4 = 0 = τ 8 . Therefore, the expression for the scalar curvature reduces to
Another difference with the (compact) complex case is that an Einstein parakähler manifold with s = 0 can have [dλ] = 0; in fact, even H 
We can then define the (para)Dolbeault cohomology
Theorem 21. Let (M, K) be a paracomplex manifold with
BC is zero. Proof. Let Z 1,1 be the sheaf of closed (1, 1)-forms, and let K be the sheaf of dd c -closed functions; we have a short exact sequence of sheaves
where we have used the fact that A 0 is acyclic. Under the present assumptions, the dd c lemma is equivalent to H 1 (K) = 0. 
− (U ). Taking now the associated long exact sequence, and using the fact that H 1 (M ) and H 2 (M ) are zero, we deduce
Since a paracomplex manifold is locally a product, the following sequence is exact:
0 → Z 0,0
+ → 0, giving the exact sequence in cohomology
This shows that H 1 (Z 0,0 We consider the SL(3, R)-structure for which this is an adapted coframe; it is parakähler and Einstein with s = 0. This Lie group is diffeomorphic to R 6 ; in addition, it is easy to check that the space of leaves for both foliations is smooth and diffeomorphic to R 3 , so that Theorem 21 applies and the Bott-Chern class [dλ] is zero. Notice however that up to multiple, there is only one invariant closed (1, 1)-form: if a compatible Ricci-flat parakähler metric exists, it cannot be invariant.
We conclude this section with a remark concerning the holonomy group of a parakähler manifold. By construction, this is a subgroup of GL(n, R). If it is also contained in GL + (n, R), the bundle Λ n,0 is trivial and it is possible to fix a reduction to SL(n, R). Ricci-flatness means that the restricted holonomy is SL(n, R); therefore, the full holonomy group has the form G × GL(n, R), with G a discrete subgroup of GL + (n, R).
Example 23. Let λ > 0 be a real constant and let
Let g be the affine transformation (x, y) → (λx + e 1 , λ −1 y).
The group generated by g acts on Ω in a free, proper discontinuous way. Let M = Ω/ g be the quotient. The flat parakähler structure
passes onto the quotient. It is easy to see that
defines a parallel Z-structure on Ω; this structure also passes onto the quotient. Moreover, taking parallel transport on Ω and observing that
one sees that the holonomy of M is precisely Z.
Einstein examples
In this section we show some examples of Einstein metrics associated to SL(n, R)-structures on Lie groups. With one exception (Example 25), the Lie groups we consider are nilpotent with rational structure constants; therefore, each admits a compact quotient which carries an induced SL(n, R)-structure, also Einstein. We will represent Lie groups by their structure constants; for instance the quadruplet (0, 0, 0, 12) represents a four-dimensional Lie group with a basis of left-invariant one-forms e 1 , e 2 , e 3 , e 4 such that
the standard SL(2, R)-structure on this Lie group is the one defined by the coframe e 1 , e 2 , e 3 , e 4 .
Example 24. A non-flat example of a parakähler Ricci-flat manifold is the standard SL(n, R)-structure on the nilpotent Lie algebra (24, 0, 0, 0, 0, 35); in this case the curvature is −e 34 ⊗ e 34 .
Example 25. There also exist parakähler Einstein Lie groups with non-zero scalar curvature: consider the one-parameter family of Lie algebras (14, 25, 36 , t14, t25, t36), t ∈ R;
notice that these are not nilpotent (in fact, not even unimodular). The standard SL(n, R)-structure is Einstein, and Ricci-flat when t = 0. In addition, the parakähler metric is unique once one fixes the paracomplex structure, if one requires it to be invariant. We can modify the example in such a way that the minimal connection is a non-trivial element in the subspace of T * ⊗ sl(3, R) isomorphic to V 2 ; imposing d 2 = 0, we obtain the following Lie algebra: shows the Lie algebra to be nilpotent and isomorphic to (0, 0, 0, 12, 14, 24).
It follows from Theorem 15 that if the intrinsic torsion is purely in W 2 , then the metric is Ricci flat. This leads us to a counterexample to the paracomplex version of the Goldberg conjecture of almost-Kähler geometry. This "para-Goldberg" conjecture, as stated in [25] , asserts that any compact almost parakähler Einstein manifold is parakähler.
Proposition 27. The standard SL(2, R)-structure on the nilmanifold (0, 0, 0, 12) defines a compact, almost parakähler Ricci-flat manifold which is not parakähler. Hence, the para-Goldberg conjecture does not hold.
Proof. One easily sees that λ = 0 and the only component of the intrinsic torsion is τ 2 , implying Ricci-flatness (in fact, this metric is flat). The fact that de 4 has a component in Λ 2,0 shows that the paracomplex structure is not integrable.
Example 28. Another example in the almost parakähler class W 2 + W 6 is the nilpotent Lie algebra (0, 0, 46, 0, 12, 0), with the standard SL(3, R)-structure; its intrinsic torsion is
This metric is Ricci-flat, but the Levi-Civita curvature is e 26 ⊗ e 26 .
Example 29. A Ricci-flat example with intrinsic torsion in W 3 is given by the standard SL(n, R)-structure on the nilpotent Lie algebra (0, 0, 0, 0, 0, 45); this structure is almost parakähler and flat, with
A non-flat example is given by the standard SL(n, R)-structure on the 8-dimensional nilmanifold (0, 0, 0, 0, 0, 0, 56, 57); then The nearly parakähler examples we have shown so far are flat, and the geometry of flat nearly parakähler structures is fully understood (see [13] ). We now illustrate a systematic approach to construct Ricci-flat nearly parakähler metrics that are not flat. Our examples have intrinsic torsion in W 1 ; by Theorem 15, this condition ensures Ricci-flatness.
The intrinsic torsion of an almost paracomplex structure can be identified with the Nijenhuis tensor, which has two components
Under the structure group GL(n, R), these two irreducible modules decompose respectively into W 1 + W 2 and W 5 + W 6 ; by Proposition 1, we can write
The key observation is that N H can be identified with a linear bundle map that does not depend on the almost paracomplex structure K but only on the 1-eigendistribution V, namelyÑ
where V o is the subbundle of T * M whose fibre at p is the annihilator of V p . i.e. τ 2 = 0. The fact that τ 5 = 0 = τ 6 follows from H being integrable.
A similar result holds for distributions V and H on a manifold, if Conditions 1-3 are assumed to hold at each point, but we will only consider the case of Lie groups. Then, the condition τ 2 = 0 can be expressed as a linear equation in F by using the following contraction:
Corollary 31. Let g = V ⊕ H be a splitting such as in Proposition 30, and
defines a Ricci-flat GL(n, R)-structure with intrinsic torsion in W 1 .
Proof. Fix a compatible reduction to SL(n, R); then Proposition 12 implies
By Proposition 30, τ 2 , τ 5 and τ 6 vanish as well; thus the intrinsic torsion is in W 1 , and by Theorem 15 the metric is Ricci-flat.
This gives us an effective recipe to find Ricci-flat nearly parakähler examples: for a given Lie algebra g of dimension 2n, we seek a subspace V ⊂ g of dimension n that satisfies the conditions of Proposition 30, and then a complementary integrable distribution H such that d(Λ 0,n ) ⊂ Λ 2,n−1 . At this point it is only a matter of computing the space of forms of type (1, 1) that satisfy the linear equations (17) , and verifying whether it contains a non-degenerate form. Implementing this strategy with a computer on Lie algebras of the form h ⊕ R, where h ranges among 7-dimensional nilpotent Lie algebras as classified by [18] , gives the following:
Theorem 32. Each Lie algebra in Table 1 admits a family of non-flat, Ricci-flat nearly-parakähler structures with intrinsic torsion τ 1 = 0 and non-zero curvature, depending on parameters λ, µ = 0 and k.
We emphasize that this is not a classification; whilst our program did not find any other example, we do not know whether there exist other 8-dimensional nilpotent Lie algebras with a strictly nearly parakähler structure which is Ricciflat but not flat. Remark 7. Given an SL(n, R)-structure on a manifold, it follows from Proposition 12 that the intrinsic torsion is contained in W 4 + W 8 + W 1,0 + W 0,1 if and only if N = 0 and dF = θ∧F for some 1-form θ; such structures are known in the literature as locally conformally parakähler [17] . The result of Proposition 35 can be rephrased by saying that an Einstein, left-invariant locally conformally parakähler structure on a nilpotent Lie group is parakähler.
Composite intrinsic torsion classes
In this section we give a simple construction to build almost parahermitian manifolds in a prescribed intrinsic torsion class using almost parahermitian manifolds of lower dimension as building blocks.
We shall denote by T n the 2n-dimensional GL(n, R)-module (1); let W i (T n ) denote the corresponding intrinsic torsion spaces. We will also use a subscript n to denote the 2n-dimensional forms F n , α n and β n .
We identify T n ⊕ T m with T n+m by the isomorphism that maps the basis here, {e i }, {f i } and {E i } are the standard bases of T n , T m and T n+m respectively. We obtain the following relations between the forms F , α and β:
In our setting, an intrinsic torsion class is a subset of {W 1 , . . . , W 8 }; it is customary to represent a subset {W i1 , . . . , W i h } as a formal sum
Accordingly, the union of two intrinsic torsion classes I and J is written as I +J. An almost parahermitian manifold (M, g, K, F ) is in the intrinsic torsion class (19) if the components of the intrinsic torsion which are not identically zero are precisely τ i1 , . . . , τ i h ; we write W(M ) = W i1 + · · · + W i h .
Proposition 37. If (N, g, K, F ) is a 2n-dimensional almost parahermitian manifold with τ 4 = 0 = τ 8 , then for each m ∈ N the natural almost parahermitian structure on the 2(m + n)-dimensional manifold N × R 2m is in the same intrinsic torsion class.
Proof. Follows from Proposition 12 and Lemma 36.
More generally, we can find non-trivial intrinsic torsion classes by combining two almost parahermitian manifolds. Indeed, by the same arguments we can prove the following:
Proposition 38. Let M, N be two almost parahermitian manifolds of dimension respectively 2m and 2n, each with τ 4 = 0 = τ 8 ; then the intrinsic torsion class of the natural almost parahermitian structure on M × N is the union of the intrinsic torsion classes of M and N .
The general case requires more notation. We say a map from the set of intrinsic torsion classes to itself is additive if it satisfies g(I + J) = g(I) + g(J). In the situation of Proposition 39, if M and N are Einstein with the same scalar curvature s, then the product M ×N is also Einstein with scalar curvature s. In particular, the results of Section 7 imply: Proposition 40. Each intrinsic torsion class involving only W 1 , W 2 , W 3 , W 5 , W 6 and W 7 contains compact manifolds with a Ricci-flat GL(n, R)-structure for n ≫ 1.
Unlike W 1 and W 2 , the intrinsic torsion classes W 3 and W 4 are not Ricci-flat; this is indicated by the formulae of Theorem 15, and can be verified through the following examples:
Example 41. In the class W 3 , the standard SL(3, R)-structure on the Lie algebra (0, 0, 0, 0, 45, 46) has intrinsic torsion Remark 8. Using this last example, together with those of Section 7, the construction of Proposition 39 allows one to produce almost parahermitian structures in any given intrinsic torsion class.
